Exchange bias training effect in ferromagnetic/antiferromagnetic bilayers is investigated. In some systems the evolution of the exchange bias field H E with the number of cycle n cannot be fitted by the empirical 1/ √ n function. A unified expression is derived from a discretized LandauKhalatnikov equation in the framework of the thermodynamics model which is proposed by Ch.
Exchange bias (EB) effect has been investigated extensively since its first discovery in CoO/Co nanoparticles [1] [2] [3] [4] [5] .
After the EB is established in antiferromagnetic(AFM)/ferromagnetic(FM) bilayers by (magnetic) field cooling from high temperature to below the Néel temperature of the AFM layer or by magnetic field during film deposition, a shift of the hysteresis loop along the magnetic cooling field axis with an exchange field (H E ) is observed, companied by an enhancement of the coercivity (H C ). When cycling the bilayer through consecutive hysteresis loops, H E and H C often decrease monotonically with increasing cycling number n [6] . This so-called training effect has attracted extensive investigation because of its importance in both basic research and applications of spintronic devices [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
During the training effect, large changes in H E and H C are often observed between n = 1 and n = 2, which is thought to be strongly related to transition of AFM spins between easy axis [11] . For n ≥ 2, H E decreases gradually with increasing n, which can be described by the empirical formula [6, 8, 10, 15, 19] .
where k is a parameter depending on the physics properties of the AFM layer. The empirical law was observed first for Co/CoO, NiFe/NiFeMn, and NiFe/Cr 2 O 3 systems [6] . The EB training effect was considered in the framework of nonequilibrium thermodynamics by Ch.
Binek, where the free energy of the system controls the relaxation process of the AFM spins towards the equilibrium state. With a discretized Landau-Khalatnikov equation, the following equation is obtained [10] .
where γ is the characteristic decay rate of the training behavior. Since Eq. 1 does not hold for some EB systems, such as NiFe/IrMn bilayers and Pt/Co/Pt/IrMn multilayers [16, 17] , several approaches have been proposed. For example, higher orders in the free energy were considered [15] . Alternatively, based on a thermal fluctuation model, a power law function on the cycle number was used to fit the training effect of H E [8] . Moreover, the training effect was suggested to be strongly related to the evolution of the AFM spin disorder and the training effect of H E can be expressed by an exponential function [14, 16] . In this work, we will derive a unified equation to describe the variation of H E with n based on the theoretical bilayers, however, both branches shift towards the positive magnetic field direction and the coercivity almost does not change, i.e., from 28 to 25.5 (Oe) after 80 cycles ( Fig. 1(c) ), as already observed for the perpendicularly magnetized Pt/Co/Pt/IrMn bilayers [17] .
As shown in Fig. 2 imental results can be fitted by Eq. 2. Therefore, the EB training effect in these three samples can be described a discretized Landau-Khalatnikov equation. In principle, γ and H E (∞) can be fitted by using Eq. 2. Since H E (n) − H E (n + 1) does not change much with n except for n = 1, however, the fitted values of these parameters are not rigorous.
In order to examine whether the measured H E (n) can be described by the empirical law in Eq. 1, H E for NiFe/FeMn and Fe 0.51 Cr 0.49 /IrMn bilayers is plotted as a function of 1/ √ n in Fig. 3 . For different systems, 80 to 160 hysteresis loop cycles were measured to get an overall feature of the training effect. Only few tens of magnetization loops are usually mea-sured [6, 7, 9, 10, [19] [20] [21] , which is not adequate to inquire into the analytical expression of the training effect. In comparison, the data of epitaxially grown Fe/CoO bilayers are also given [16] . Here, all samples exhibit the conventional training effect in which H E decreases sharply between n = 1 and n = 2 and then changes slowly for large n [7] . It is found that the measured data cannot be described very well by the empirical linear function of 1/ √ n even for n ≥ 2. Based on these observations, we re-derived the dependence of H E on the cycle number. Starting with Eq. 2 [10] , the differential of H E between neighboring consecutive hysteresis loops H E (n) − H E (n + 1) is proportional to (H E (n) − H E (∞)) 3 when H E changes slowly with n. Accordingly, one has the following differential equation,
where dn = 1 can then be obtained. Since H E often changes slowly for n ≥ 2, the analytical solution of the n-dependent H E (n) can be achieved as follows.
where
, strongly reflecting the fraction of the H E change between n = 2 and 3 in the entire training effect for n ≥ 2. Similar parameters have been defined before [22] . If n 0 = 2.0 in above equation, Eq. 4 turns to the conventional empirical law,
. H E (∞), γ, and n 0 can be fitted with the measured H E (n). [18] . Here, both samples exhibit the anomalous training effect [7] . Note that When the magnetization reversal is dominated by domain wall depinning, such as in Fe 0.36 Cr 0.64 /IrMn and Pt/Co/Pt/IrMn systems, H E shows the so-called anomalous training effect in which H E (1) − H E (2) is small, i.e. the first-jump vanishes [11] . Meanwhile, when the magnetization reversal is dominated by magnetization coherent rotation, such as in NiFe/FeMn, Fe 0.51 Cr 0.49 /IrMn, and Fe/CoO bilayers, H E exhibits conventional training effect in which the first-jump appears [11, [16] [17] [18] 23] . Therefore, the magnetization reversal mechanism plays an important role in the training effect. Moreover, when the evolution of H E (n) deviates seriously from the 1/ √ n linear dependence, such as for Pt/Co/Pt/IrMn, FeCr/IrMn, and NiFe/FeMn systems, a large n 0 is acquired. Otherwise, a small n 0 is obtained, such as for the Fe/CoO bilayer. Furthermore, according to n 0 =
and Eq. 2, one has
, that is to say, the n 0 γ product determines the training effect for n ≥ 2, i.e., H E (2) − H E (∞). Finally, with the values of the parameters γ and n 0 , the n dependence of H E (n) can be identified. 
